CYCLIC CONFIGURATIONS AND THE REIS PROBLEM 



VLADIMIR SHEVELEV 



Abstract. Considering the congruence of cyclic (O,l)-configurations in the sense of the 
Reis problem, we enumerate the incongruent configurations on a circumference having a 
self-coincidence at the rotation of an angle smaller than 2tt. We study some variations on 
this topic. 



1. Introduction 

Professor Richard H.Reis (South-East University of Massachusetts, USA) in 1978 put 
the problem:" Let a circumference is split by the same n parts. It is required to find the 
number R(n, k) of the incongruent convex k-gons,which could be obtained by connection of 
some k from n dividing points. Two k-gons are considered congruent if they are coincided 
at the rotation of one relatively other along the circumference and (or) by reflection of one 
of the k-gons relatively some diameter." 

In 1979 Hansraj Gupta [IJgave the solution of the Reis problem. 

Theorem 1. (H.Gupta) 

where = k( mod 2), = or 1, (p{n)-the Euler function. 

Consider some convex polygon with the tops in the circumference splitting points, " 1" 
or "0" is put in accordance to each splitting point depending on whether a top of the 
polygon is in the point. Thus, there is the mutual one-to-one correspondence between the 
set of convex polygons with the tops in the circumference splitting points and the set of 
all (0, 1 ^configurations with the elements in these points. 

Using this bijection and calculating the cyclic index of the Dihedral group appearing 
here, the author [IJgave a short proof of Theorem 1. 

In the present article we consider some variations on the topic of the Reis problem. 

As distinct from simpler case consider beginning with Mac Mahon (cf. [2]) throughout 
the entire article we consider the congruence of cyclic sequences in the sense of the Reis 
problem: two (0, 1 ^configurations on the circumference are considered congruent if they 
are coincided at the rotation of one relatively other along the circumference and (or) by 
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reflection of one of the (0, 1) configurations relatively some diameter. The congruence in 
the mentioned simpler case [2] involves rotation only without reflection. 

Definition 1.(0,1) -configuration on a circumference is called symmetric respectively 
rotation, if it has at least one self-coincidence at the rotation of an angle smaller than 2n. 

Evidently, the cyclic group of rotations with the generating element r that corresponds 
to the angle of the turn which equals to — , has the order n. The group of rotations of a 
symmetric (0, reconfiguration is a subgroup of the cyclic group mentioned above of some 
order s > 2. By Lagranqe theorem the order of the supgroup divides the order of the group. 
Hence, s is a divisor of n. The smallest angle of self-coincidence of such a configuration 
equals to ?f(2 < s < n). 

Variation l.Let m be a nonnegative integer. To find the number N n>m of all incongruent 
symmetric respectively rotation (0, 1)- configurations in which between any two adjacent l's 
there are at least m 0's. 

Variation 2. For m > 0, to find the number S n>m of all incongruent symmetric respec- 
tively rotation and having a diameter of symmetry (0, 1)- configurations in which between 
any two adjacent l's there are at least m 0's. 

The further natural generalizations are contained in the following variations. 

Variation 3. Let in the conditions of Variation 1 every (0, 1)- configuration has exactly 

k 1 's. To find the number Nn)n of all such incongruent symmetric respectively rotation 
(0, 1)- configurations. 

Variation 4. Let in the conditions of Variation 2 every (0,1)- configuration has exactly 
k l's. To find the number Sn)m of all such incongruent symmetric respectively rotation 
(0, 1)- configurations. 

Notice that, N niTn — S n ^ m is the number of all such incongruent symmetric respectively 
rotation (0, l)-configurations, none of which has a diameter of symmetry; N^m — Sn)m is 
the same (0, l)-configurations having exactly k l's. 

Now some words about the structure of the article. Section 2 is devoted to case m = 0. In 
Section 3 we introduce two different generalizations of the Fibonacci numbers. In Section 
4 we consider case m > 1. Section 5 is devoted to an example and connected with it 
numerical results. In conclusion, in Section 6 we discuss some open questions and other 
variations. 

2. Case m = 

Put 

(2) N n , = N n , S nfi = S n} N { n k l = N^ 

Theorem 2. The following formulas take place: 
l)N n = -l- £ (i(d)an, 

d\n,d>2 

where /i(n) is the Mobius function, 

On = - E V{d)^- 1 + (5 + (-1)")2^J ; 
d\n 
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2)S n = -l- £ /j(d)f3n, 

d\n,d>2 

where 

P n = (5 + (-l) n )2^, 

s)nS° = - e »m(%$), 

d\(n,k),d>2 

where R(n, k) is defined by (HP- 
Proof. 1) Summing ([T]) by k from 1 to n we find the number A n of all incongruent 
(0, 1) -configurations: 

n 

(3) A n = ^i?(n,fc). 

k=l 

Let d > 1 be a divisor of n. Denote via v& = Vd{ n ) the number of (0, 1 ^configurations 
with the minimal angle of self-coincidence equals to —d. Notice that d is connected with 
the mentioned above number s by the relation ds = n. Then 

(4) X n = Vd 

d\n 

and by definition of iV„ ; o = N n we have 

(5) N n = \ n — v n . 

Using the Mobius inverse formula (cf.[3]), we find from (j3J) 

Vn = ^MXn = \ n + ^ ^(d)\n. 

d\n d\n,d>2 

Now (j3j) implies that 

(6) N n = - 

d\n,d>2 

To complete the proof of the formula 1) of the theorem we need two technical lemmas. 
Lemma 1. For = k( mod 2), h\. = or 1 



E( [! jJ J ) = (5 + (-ir)2^-i. 



fc=i 

Proof. For even n 

fe=l \ L 2 J / fe=l,3,...,n-l v 2 / fc=2,4,...,n 

n — 2 n 

2 /n-2\ 2 /n\ 

( 7) =E(T)+E(f)= 2 ^+ 24 - 1 = 3 - 2 ^- 1 - 
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for odd n 

n / I n-h k I \ / n-l \ / „-\ 

E ( L TUO - E (s)+ E 

fc=l \ L ^ J / fc=l,3,...,n v 1 7 fc=2,4,...,ra-l 



Ti — 1 n — 1 

2 / n— 1\ 2 / n— 1 



E^TJ+E^Th 2 - 2 -- 1 . 

i=0 v 7 t=i v 7 
and the lemma follows from ([7])-([5]).B 

Lemma 2. 

o) £± e ^)(i:j)=-i+^E^) 2t : 

fc=l d|(n,fc) \d / d | n 

Proof. First of all, notice that 



Vd ~ l ) n 2\d~ l J l> \T, 

Therefore, to prove ([9]) it is sufficient to establish that 



E E ^)(l) = E^) 2t - 

fc=l d|(n,fc) ^ d7 d|n 

or, since <^(d) = n, - to prove that 



dlrj 



(io) Yl E v(d)(2)=E^ d )( 25 - 1 )- 

fc=l d\(n,k) ^ d7 d|n 

Putting = ddi, we have 

E E **o (I) = E *<<*> (|) ■ 

fc=ld|(n,fc) Vd/ ddi<n V 7 

where the summation on the right being taken over all the integer points lying on and 
under the hyperbola d\ = ^, d, d± > 1. Consequently, 



(n \ d / n \ 

i)= E »wE U = Wu»-i). 
uuixn 7 l<d<n di=l V 7 d|n 

d|n d|n 

This proves ({TO]) and the lemma 



CYCLIC CONFIGURATIONS AND THE REIS PROBLEM 5 

Remark 1. L.M.Koganov (Moscow) in his private communication proved the following 
author's identity arising in the theory of permanents p. 2311) 

k=ld\(n,k) d\n 

Notice that for an odd k this identity coincides with UP) . Our proof of Utyl repeats the 
proof of Koganov. 

Now from ([!]), ([3]) and Lemmas 1, 2 it follows that 



A. = (-\ + (5 + (-ir)2L^j) + \-\ + 1 £ ¥ ,(d)23- 1 j = 



and formula l)immediately follows from (jH]) since for n > 1 /i(<i) = — 1; 

d|n,<i>2 

/|n=Afc|\ 

2) As it was established in [I], the binomial coefficient ^ L . j^j - 1 J in ([1]) gives the number 

of those fc-gons or, the same, those (0, reconfigurations of a circumference having k l's, 
that are symmetric respectively any diameter, then by the same arguments for 

/I n ~ h k I 

(11) R\n,k)= (Lg J 

we obtain formula 2) of the theorem; 

3) The (0, l)-configurations which are symmetric respectively rotation and containing k 
l's, appear only in the case (k,n) > 1. For fixed n, k let consider the function R(x,y) (1) 
on the set 

-m, - — 7T m ) /m\(n,k) 



(n, k) ' (n, k) 

The constriction of the R(x, y) on this set is a function of m. Denote it by R ny k{rn). Put 
(12) Rn,k{m) = y^d, 

where z/ d = u d (n,k). In particular, R n>k ((n, k)) = R(n,k). Using the Mobius inverse 
formula, according to (fT2l we have 

ef|m d\m v v ' y v ' ' 7 

In particular, for m = (n, k) 
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( 13 ) V{n,k) = Yl V( d ) R \ ) ' 

d\(n,k) ^ ' 

and (Jl2l) for m = (n, k) has the form 

R(n, k) = Y u d- 

d\ (n,k) 

By the definition, we have now 

(14) = R(n,k)-v {n , k) 

Finally, by (fTT?j) - ([T4)) we obtain the last formula of the theorem ■ 

Remark 2. From the same arguments it follows, that by replacing in formula 3) R for 
.R^ll) we obtain the number of (0,1) -configurations containing k l's that symmetric re- 
spectively rotation and having a diameter of symmetry. 

For further considerations we need two different generalizations of the Fibonacci num- 
bers. 

3. TWO GENERALIZATIONS OF FIBONACCI NUMBERS 

Definition 2. Let m be a positive integer. The sequence is defined by recursion 

r n — r n-l * r n-m-li 

with the initial conditions 

(16) F (m) = F[ m) = . . . = = 1, 

we call m-Fibonacci numbers of type 1. 

For m = 1 we obtain the very Fibonacci numbers: 

(17) F®=F n , n>0. 

Definition 3. For a positive integer m, the sequence is defined by the same recursion 

/io\ Am) _ Am) , Am) 

\ LO ) Jn — Jn-1 t Jn-m-li 

but with other initial conditions 

(1 Q\ Am) _ Am) _ _ Am) _ , Am) _ Am) _ _ Am) _ 9 

JO — J I • • • J [ m - 1 j — ' J |^in+ij ~~ J [ m + 1 j 1 1 ~ ■ ■ ■ ~ J m ~ * 

we call m-Fibonacci numbers of type 2. 

For m = 1 we also obtain the very Fibonacci numbers, but (compare ([T 

(20) fi 1] =F n+1 , n>0. 

Now we prove several lemmas. 
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Lemma 3. The following formulas take place 

n — ink 



(21) 



k 



n > 0, m > 1, 



(22) 



f('> 

J n 



(m) 



E 

fc>0 

E 

fc>0 



n+ m±L_ mk 



m+1 
k 

n + y — (m — l)k" 
k 



if m is odd 
if m is even 



In particular, for an odd m we have 

(23) 4 m) = ^U 



Proof of the (]21j) - (!22j) is conducted by the same scheme. Therefore we prove (1211) . only. 
Denote the right part of fl2"Tl) via $l m) . We have: 



n— 1 1 n— m— 1 / ., \ 
fc>0 ^ 



n — mk — 1 



+E 



fc>0 



n — m(k + 1) — 1 
k 



E 



n — mA; — 1 



+E 



n — m/c — 1 
k-1 



E 



fc>0 v 7 fc>l v 7 fc>0 

Besides, for k > 1. n < n we have n — mfc < m — mk < 
Hence, 



n - mfc\ = $(m) 



E 



fc>0 



n, — mk 
k 



n — mk\ 
k ) 



I k=o — 1- 



Thus, for numbers 3>i"^ the formulas f|T5l) - f|T6l) are satisfied and consequently $n 



(m) 



Fi m) , n>0.l 



Lemma 4. Let h k = A;( mod 2), ^ = or 1 and 7 m = m — 1( mod 2), 7 m = orl. 
Then 

i 



(24) 



E 

fc>l 



f ( m ) _ 1 



Proof. We need to make all possible assumptions regarding the parity of m and n. For 
determination, we prove (EMI) for even m and n. In this case 7 = 1 and 



n — mk — hi 



Therefore, it is enough to prove that 



n — mk 



h k . 



(25) 



fc>0 



\{n- mk) - h k \ _ j m ) 



LIJ 
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Denote the left part of (1251) via Gl . First of all let show that Gl is satisfied to ({TBI) . 

2 2 

We have 

/rj m.fc+2fe fc -,\ / n m(fc+2)+2fr fc+2 , \ 

oss. + ^-g(' it ) + s( ,_ nir )■ 

(n mk+2h k i\ / n rnt+2h t i 

„ ~ 2 ~ lIj ") + g( ¥ "Lu-r 

(n mfc+2fefc \ / n mk+2h k \ 

It is left to check the coincidence of (|T9l) for /^f and for 
(26) ^ = £ ~ |lf **) z = l,2,...,m. 



A;>0 



Notice that, the summands in (1261) equal to for those and only those k for which the 
following inequality is satisfied: 

mk [|, if k is even, 
i > J A 



2 | ^±i, if k is odd. 



or the same 



21 



k > 



m- 

2i-l 



j, if k is even, 
j, if k is odd. 



Thus, for i = 1, 2, . . . , f we have k = and by ([26]) Gj m) = K ) = 1 
and for 2 = ^ + 1, — + 2, . . . , m we have A; = or A; = 1. 
Therefore by flU G^ m) = K J + P ~ | ~~ 1 
Hence, the lemma follows ■ 

Remark 3. Let show that there does not exist an extension of a definition of j/n"^ j for 
m = such that (EH) is satisfied. 



— \-\\ (\— r 

Indeed for m = the left part of ( 1241) equals to ( «)+ X] I fe-i ) while 



fc=2,4,.... \ 2 / fe=l,3,.... V 2 

the right part equals to " , — 1". This means that there must exist a function, say, 

L 2 -I 



g(x) such that 



E 

k=2A,. 



Lf J 

2 



71 — 1 
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n — 1 



22—1, if n is even, 
2 !L 2~ — 1, if n is odd. 



For n = 3 and n = 4 we have g(l) = 1 and g(l) = 3 ■. 
Lemma 5. The following formula takes place: 

L m+1 J 



( 2? ) E^E^M i-i ) = - E ^)((^+i)^| m) -^: 

i=l d|(n,fc) ^ d 7 din 



(m) 
*? 

d 



:\(n,k) 

Proof. Put k = dd\. Then we have 
I - I 

Lm + l J 



d\r 

— L m+1 - 



e 5 e **o (tit ') = e i^p-rr 1 ) 



(2f 



[ !i J 



— L m+1 - 

d\n 



di=l 



di V d x - 1 



Put ft = 2. Notice that d < -xt, therefore t > m + 1. 

a — m+1 ' — 



Furthermore, 



E 

di>l 



ft /ft — mdi — 1 



yy ft — mdi ^h — md 1 — T ^ 



di>l 



di - 1 



E/ft- mdi — l\ f h — mdi\ v-^ / 

( d,-i ) = E( dl )+™E( 

di>l v 7 di>l v 7 fc>0 v 



di>l 

Thus, by Lemma [3] 



(ft — m — 1) — mk 
k 



y- 

di>l 



l_ /a - mdi - 1 

dT V rf i - 1 



Substituting this to ( |28i) and taking in to account that 



FlL 



-rn—1 



Fn — Fii—A , 



we obtain (12 
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4. Case m>l 

Let consider now (0, 1 ^configurations in which between any two adjacent l's there are at 
least m O's. We consider an aggregate containing 1 and the following in succession after it in 
a fixed direct the m O's as 1*. Thus, there is the mutual one-to-one correspondence between 
the set of all (0, l)-configurations containing k l's in the n circumference splitting points 
in which between any two adjacent l's there are at least m O's and the set of all (0, 1*)- 
configurations containing k l's in the n — mk circumference splitting points. Therefore, it 
follows from Theorem [1] that there are R(n — mk, k) incongruent configurations. Notice 
that always n — mk > k, or k < J ■ 

Summing R(n — mk, k) by k from 1 to L^rJ we nn d the number an all the configu- 
rations of this type: 



(m) 




(29) a 



where hk = k( mod 2), hk = or 1, m > 1. 
By ( |29|) and Lemmas HI [5] we have 



(30) 4 m) = Yn £ ^ (< m + ~ mF t ] - l ) + 2^ 

1 ' — L m+1 J 

where 7 m = m — 1( mod 2), 7 m = or 1. 

/ I n—mk—hfc | 

Furthermore, notice that as above the binomial coefficient I , \ , I gives the num- 



LIJ 

ber of those (0, 1 ^configurations on a circumference of the considered type having k l's, 
that are symmetric respectively any diameter. Thus, by Lemma H] the number of all 
these configurations equals to 

(31) = /[rLj - 1, lm = m-l{ mod 2, 7m ) = or 1. 

Now, using the scheme of the proof of Theorem [2] we obtain the following results. 
Theorem 3. The following formulas take place: 

1) N n<m = -§- E M^)«L m) 

5|n,5>2 5 

where 

(32) «M = «i m) + \ = i £ y>(d) ((m + l)F< m) - mF<»> - l) + 1/, 

2) S ntm = -1-J2fi(d)pt ) , 

d 

where fin is defined by f l3~T|) ; 

3) JVffi = - E Md)i2(^, 5) 

d|(n,ft),d>2 



(m) 

L 



" — 7m I ) 
2 J 



4)S 



(*) 

n, m 



d\(n,k),d>2 
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I A I 

L 2d J 

5. An example 

In the case of m = 1 by (fTTl) and (|20|) 

F (i) = F f (i) = F 

where 

F = 1, Fi = 1, F 2 = 2, F 3 = 3, F 4 = 5, F 5 = 8, F 6 

are the Fibonacci numbers. 
Thus, by (imflSTI), (PD 



13, 



a (1) 



i- £ <p{d) (2Fn - f 5 - 1) + 



d|n,d<Lf J 

Therefore, by Theorem [3] we find 



iv 24,l — _ — + Q!i2 + a 8 — a 4 



5*24,1 



■1 + F24 +1 + F24 +1 



l+l 



1 51 15 5 

2 + T + T ~ 2 
-1 + 21 + 8- 



= 30, 
3 = 25. 



Thus between the 30 incongruent symmetrical respectively rotation (0, l)-configurations 
with isolated l's, only five do not have a diameter of symmetry. 
Further, since by Theorem [3] 



ci=2,3,6 X 



18 6 

d ' d 



9. 



0(6) 

°24,1 



d=2,3,6 



d=2,4,8 v 7 



0(8) 
°24,1 



1/16 



2 V ei 



- /if 



d=2,4,8 



6. 



then only in the cases k = 6 and k = 8 there are correspondingly 3 and 2 incongruent 
symmetrical respectively rotation (0, 1 ^configurations with isolated l's which do not have 
a diameter of symmetry; in the rest cases they do have a diameter of symmetry. 

In the following Table 1 we show all 30 incongruent symmetrical respectively rotation 
(0, 1 ^configurations with isolated l's 
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Table 1. 



ordinal number (0, 1) — configurations number of l's 

1 100000000000100000000000 2 

2 100000001000000010000000 3 

3 10 10 10 10 4 

4 10 10 10 10 4 

5 10 10 10 10 4 

6 10 10 10 10 4 

7 10 10 10 10 4 

8 10 10 10 10 10 10 6 

9 10 10 10 10 10 10 6 

10 010000100100001001000010 6 

11 000010101000000010101000 6 

12 100000010010100000010010 6 

13 100000100010100000100010 6 

14 000100100100000100100100 6 

15 100001010000100001010000 6 

16 100001000100100001000100 6 

17 100100100100100100100100 8 

18 000101010100000101010100 8 

19 100001001010100001001010 8 

20 001010010100001010010100 8 

21 100010101000100010101000 8 

22 100010010010100010010010 8 

23 001001010010001001010010 8 

24 001010001010001010001010 8 

25 101000101010001010100010 9 

26 100101001001010010010100 9 

27 101010001010101010001010 10 

28 100101010100100101010100 10 

29 101001010010101001010010 10 

30 101010101010101010101010 12 



Notice that in Table 1 the (0, 1 ^configurations having the ordinal numbers 12,13,16,19 
and 22 do not have a diameter of symmetry; the (0, 1 ^configurations having the ordinal 
numbers 5,7,10,20 do not have a diameter of symmetry that connects any elements of 
configurations. Besides a diameter of symmetry of these configurations has the following 
endpoints: the midpoint between positions 24,1 and the midpoint between positions 12,13. 
A diameter of symmetry of the rest (0, 1 ^configurations connects elements having the 
positions 1,13. 

6. Other variations 

We start with the two open questions arising in connection with the consideration of 
Table EJ 
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Variation 5. To enumerate the incongruent (0,1) -configurations with elements in split- 
ting points of a circumference having a diameter of symmetry that does not connect any 
splitting points. 

Notice, further, that between the 21 configurations having a diameter of symmetry in 
Tabled] only 3 configurations have a diameter of symmetry that connects different elements 
and 1 (see configurations having ordinal numbers 2, 25, 26 ). In connection with this the 
following question arises. 

Variation 6. To enumerate the incongruent (0,1) -configurations with elements in split- 
ting points of a circumference having a diameter of symmetry that connects and 1. 

In conclusion we give two examples of enumeration of the incongruent (0,l,2)-configurations. 

Variation 7. To find the number incongruent symmetric respectively rotation 

(0,1, 2)- configurations in splitting points of a circumference having isolated nonzero ele- 
ments. 

By simple combinatorial arguments we establish the formula: 

LfJ 

(33) = N nA + £ N2>N k 

fc=4 
(fc,n)>l 

Thus the required enumeration we obtain by the first formula of Theorem [2] (for N n ), 
the first and the third formulas of Theorem [3] (for m = 1). With help of [33] we find e.g. 
that N-^'i' 2 ^ = 15. All these 15 configurations are shown in Table [2] 

Table 2. Configurations of variation 7 for n = 12 

ordinal number (0, 1) — configurations 



1 100000100000 

2 100100100100 

3 101010101010 

4 100010001000 

5 101000101000 

6 200000200000 

7 200200200200 

8 202020202020 

9 200020002000 

10 202000202000 

11 101200100200 

12 101020101020 

13 202010202010 

14 102010201020 

15 102000102000 



Variation 8. To find the number of those (0,1, 2) -configurations of Variation 7 

which have a diameter of symmetry. 
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The solution is given by the following similar to fl33l) formula: 

LfJ 

(34) Sn,l' 2) = S n ,l + Sn,lSk 

fc=4 
{k,n)>l 

Thus the required enumeration we obtain by the second formula of Theorem [2] (for S n ), 
the second and the fourth formula of Theorem [3] (for m — 1). With help of (1341) we 
find that Si^'i' 2 ^ — 14- Thus there is only (0,l,2)-configuration in Table [2] that has not a 
diameter of symmetry It is easy to see that it is the last configuration in Table El 

It is clear that Variations 7,8 are only the first in the infinite series of new variations on 
the topic of the Reis problem. 
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